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Abstract

We propose theoretically and prove numerically that an arbitrarily high degree of squeezing is obtained for the wave function
of a charged patrticle in an ideal Paul trap if the trap is operated close to the stability boundaries.
0 2003 Elsevier Science B.V. All rights reserved.
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Since they were first studied theoretically [1,2] and degree of freedom, the uncertainties of position and
their existence verified experimentally [3], squeezed momentum as a function of scaled time= 2¢/2 (2
states [4—6] have found many important applications is the rf trap frequency) of a particle of massin the
ranging from spectroscopy [7,8] to gravitational wave trap’s ground Floquet state are given by
detectors [9,10]. Squeezed states also exist in the Paul B
trap [11], a device developed in the 1950s [12], which 8x2(t) = —f(a q;7),
since has become an indispensable part of fundamen- h
tal physics experiments [13,14] and technical applica- 8px('l:) = —gla,q; 1), Q)
tions such as frequency standards [15,16] and quantum
computers [17-19]. Squeezed states in the Paul trapWhere

have been investigated both theoretically [20—25] and ) o?(7)

experimentally [26—28]. In all applications the degree fa.qt)=—,

of squeezing is important: the more squeezing, the bet- ) 62(1)

ter. In this spirit the purpose of this Letter is to define 8(@.¢; 7) = o2() +— (2)

theoretically and to investigate numerically a scheme
with which matter states of arbitrarily high degree of
squeezing can be obtained in an ideal Paul trap.

The quantum theory of a single particle in the Paul
trap is well known [20-25,29-38]. Focusing on the

and(a, q), @, o are the trap’s control parameters [39],
the effective frequency [35] and the classical scaling
function [35], respectively. We found that f@u, ¢)
combinations close to the borders of stability of an
ideal Paul trap (heavy lines in Fig. 1) arbitrarily high
degrees of squeezing can be achieved.
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Fig. 1. Schematic illustration of a theoretical scheme for generating squeezed states close to the stability border in an ideal Paul trap. The
fundamental stability region is framed by the stability borders (heavy lines) labg|d® b3 and ky, respectively. Starting at A the quantum

ground state is dragged adiabatically to point B by slowly changing the values of the control paraneetdes The closer point B is to the

border of stability, the larger the degree of squeezing that is achievable with this scheme. Large squeezing is also obtained if, starting at A, the
ground state is dragged toward C, D, or any other point close to any of the stability borders by.
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Fig. 2. The functionsf(r) (dashed line) and(z) (full line),
proportional tosx2(r) and toapf(r), respectively, for parameter
combination(a, ¢) = (—0.019913290.2) very close to the stability
border i (point D in Fig. 1) as a function of scaled time f is
large, corresponding to anti-squeezing in theoordinate. At mul-
tiples of n/2, g is smaller than 104 corresponding to strong
squeezing in momentum.

in Fig. 1), a parameter combination very close to
the stability border pin Fig. 1. The functionf is
very large for allz, corresponding to a very broad
distribution in x. The functiong, however, reaches
values smaller than 1@ at integer multiples ofr/2
corresponding to strong squeezing in momentum.

Sincew — 0 ando (1) stays bounded away from zero
as(a, q) — b1, the momentum uncertaindy, can be
made arbitrarily small a&:, ¢) — by.

While close to b we observe strong squeezing in
px (and py), only very weak squeezing is observed
in the z component of the wave function. This leads
us to the investigation of a parameter combination
close to the intersection of the stability lines énd
bz (see Fig. 1),(a = 0.27,4 = 0.67) (marked C in
Fig. 1), where we observe strong squeezing in all three
degrees of freedom. But the corner C has even more
interesting physics to offer. In contrast with point D
where strong squeezing occurs only pp, Fig. 3
shows that at C botlf andg become very small once
every trap cycle, and are/2 out of phase. This means
that the squeezing ellipse [6] rotates once every trap
cycle corresponding to a quantum state that alternates
periodically between strongand p squeezing.

At C all three degrees of freedom, y and z,
exhibit qualitatively the same squeezing behavior as
shown in Fig. 3, with thez componentsr/2 out of
phase with respect to the y components. The closer
the operating point of the trap is chosen to the corner
formed by b and &y, the stronger the squeezing that
can be achieved in all three dimensions.

Close to the stability bordersdarge squeezing is
also obtained, but this time only for thecoordinate.
The detailed squeezing behavior for theoordinate
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100 , i . . ‘ : lva| € @, |vg| < @ are satisfied, transitions to excited
states are exponentially small, and the particle ends
up in the trap’s ground state at B with a probability
exponentially close to 1. We confirmed this qualitative
argument with detailed numerical calculations.

In summary we defined theoretically and verified
numerically a scheme according to which large de-
grees of squeezing can be achieved in the Paul trap.
E The degree of squeezing is theoretically unlimited and
depends only on the closeness of approach to the sta-
bility border of a stability region ina, g) parameter
0 st o2 28 8 38 space of the Paul trap.

Fig. 3. The functionsf (dashed line) ang (full line) (see (2) and

the caption of Fig. 2) for the interesting cage ¢q) = (0.27,0.67)
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