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The two-ion Paul trap is integrable in the pseudo potential approximation for trap asymmetry parameters A=} and 1=2.
Integrability at A=} (proved by explicitly stating the corresponding analytical integral of the motion) is not consistent with
recently published results {G. Baumann, Phys. Lett. A 162 (1992) 464].

In a recent publication [ 1] Baumann suggests that
the two-ion Paul trap is chaotic in the pseudo po-
tential approximation for the trap asymmetry pa-
rameter A=} and nonzero angular momentum pa-
rameter v. Moreover, a positive Lyapunov exponent
was calculated numerically for this case [1]. Both
results are surprising since it is possible to construct
analytically an explicit integral of the motion.

The problem is the following: Given is the
Hamiltonian

H=3pl+ip¢+V(p,{), (1)
with

1

and p,=p, p;= ¢. This Hamiltonian describes the rel-
ative motion of two charged particles in a Paul trap
in the pseudo potential approximation with A and »
related to the asymmetry of the time averaged trap-
ping potential and the relative angular momentum,
respectively [2]. It can be interpreted as the Ham-
iltonian of a single particle moving in two dimen-
sions, p and {, respectively.
The equations of motion derived from (1) are

2
V(p,0) = 4p?+41202+ ﬁg + (2)

. V2 p
= T ey <)

The Hamiltonian H is conservative and autono-
mous. Therefore, E, the total energy of the system,
is a constant of the motion [3]. Besides the energy
and for arbitrary v two further integrals of the mo-
tion exist for A=2 and A=, respectively. This fact
was first stated in ref. [2]. Unfortunately, the cor-
responding integrals, F and G, respectively, were not
reported correctly in ref. [2]. The integral F, which
applies for the case A=2, is given by

¢
P+

E=-22+ (4)

v
p2C+ 7 .

(3)
This integral was correctly reproduced and stated in
ref. [1]. Also, the connection to Noether’s theorem

was pointed out [1].
For A=1 the integral of the motion is given by

F(pp, L& v)=0p>—Lop+

Glpp, L v) =13+ +v2(p*+(?) (6)
where

Vz . .o p 1
I,= ) +pC?—pLl+ ) -1 (7)
and
I,=— g (p+d) . (8)
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With the help of (3) and (4) it can be proved easily
by direct differentiation that indeed dG/dt=0. This
means that for A=1 and for arbitrary v two integrals
of the motion exist (F and G). Therefore, H is in-
tegrable for 1= 1. Integrability of H is equivalent with
absence of chaos [3]. On the basis of the above re-
sult the chaos and the positive Lyapunov exponent
reported in ref. [1] in the case A=14, ¥3 0 cannot be
understood.

‘The remarkable feature about the Hamiltonian A
is that the constants #and G are not related to trivial
symmetries of the problem. The constants are due to
the existence of nontrivial generalized symmetries in
the sense of Noether [1]. Nontrivially integrable
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Hamiltonians, like the Toda lattice [3], are ex-
tremely rare in the physics literature. Therefore, the
Hamiltonian H defined in (1) may deserve some
further attention.
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