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Experimental Identification of Non-Newtonian Orbits Produced by Ray Splitting
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We use a thin dielectric-loaded microwave cavity to identify experimentally the signature of non-
Newtonian periodic orbits caused by ray splitting at sharp, dielectric interfaces. In our experiments
non-Newtonian orbits manifest themselves as distinctive peaks in the Fourier transform of the frequency
spectrum, which cannot be assigned to any Newtonian periodic orbits. Because the electromagnetic
Helmholtz and quantal Schrédinger equations are equivalent in two dimensions, our results are directly
relevant to quantum chaos studies. [S0031-9007(97)02910-4]

PACS numbers: 05.45.+b, 03.65.Sq

The behavior of the electromagnetic field at an interfacélhere are two cases of interest: (i) For fixedwe let
between dielectric media is of fundamental importancé& — 0 and only then leiv — 0. This is the “Newtonian
in optics. In the geometric optics limit reflection and limit.” In this limit the ray dynamics of P is ordinary New-
transmission at sharp dielectric interfaces give rise to théonian mechanics; faE > U, (E < Uy), P is transmitted
phenomenon of ray splitting (RS) currently discussed in théreflected) with unit probability to the right (left). (ii) For
context of acoustics and quantum chaos [1-3]. It has be€fiked /7 we letw — 0 and only then let: — 0. This is
shown theoretically in the context of quantum mechanicgshe RS limit. In this case the ray dynamics of P is a non-
[3] that ray splitting is accompanied by the occurrence ofNewtonian, nondeterministic mechanics that involves ray
non-Newtonian trajectories whose signatures are clearlgplitting at the potential step [1]. The RS limit of (1) is
present in the Fourier spectrum of the oscillating part ofr = (k — «)/(k + «), which, it should be noted, is inde-
the level density of the system. Non-Newtonian orbitspendent ofi. Consequently, even f& > Uy andi — 0,
also appear in the context of diffraction [4], a topic closelyP is not transmitted with unit probability; it is reflected
related to the RS phenomena discussed in this paper. with finite probability to the left. It was shown in [1,3]

The central point of this Letter is the experimentalthat non-Newtonian trajectories are associated with this re-
demonstration of the existence of non-Newtonian RS orbitflection phenomenon. Furthermore, it was shown that the
in the microwave context. Because the electromagneticorresponding non-Newtonian trajectories are quite “real”
Helmholtz and quantal Schrédinger equations are equivdn the sense that they manifest themselves as marked peaks
lent in two dimensions, our results are directly relevant tan the Fourier transform of the level density of RS quantum
quantum chaos studies [2]. systems and should contribute appreciably to Gutzwiller’s

In quantum mechanics, ray splitting occurs whenevetrace formula [6]. It was, therefore, suggested in Ref. [1]
the potential changes on a scale much shorter than tte modify the trace formula for RS systems by including
local de Broglie wavelength. The key features of RSthe contribution from split rays according to
phenomena are conveniently illustrated via the following A2
one-dimensional quantal scattering problem. A particle P 5 (g) = |mz Ty ex;{ -<S"(E) + ¢ )}

1 n .

of massm and energye > U, incident from the left scat- 2ifisinh(A,,/2) h
ters off the potential/ (x) = Uy/[1 + exp(—x/w)] [5]. 2
U, is the strength of the potential amdis the width of the

otential step. Asymptotically the wave function is given o :
Ey (x) = e?(p(ikx))/ +prexp(Xikx) for x — —oo ar?d the sum extends over all periodic orbits of the system

#(x) = rexplixx) for x — =, where k = [2mE]/?/h (Newtonian and npn—NeWtonian) ingluding_repetitiofﬂﬁ,
and k = [2m(E — Uy)]"/2/h. The reflection coefficient are the traver;al times (_)f th_e prlmltlve periodic orbyt.s,
r, computed explicitly in Ref. [5], is are the associated stability indic&s(E) are the classical
i actions at energ¥, ¢, are phases, and
_ sinHzw(k — «)]

: ik (b 2 7,
S|nl‘[77-w(k'+ )J N . A, — [l—“mz}[]—[u — |r.,|2)}, (3)
i=1 j=l1

In this formulap is the oscillating part of the level density,

We are interested in the quasiclassical limit that involves

the scattering of waves for — 0 in the limit of a sharp

potential step, i.e.w — 0. The resulting double limit whereg, counts the number of reflections, counts the
h — 0,w — 0 is undefined without further specification. number of transmissions of orbit numbsgrand|r;|? is the
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reflection probability at encounter numbeat an RS inter-
face. The suggested [1] modification (2) of the Gutzwiller
formula differs from the standard Gutzwiller formula [6]
by the weights (3). We see that for reflection probabilities d
all small, the weights (3) of non-Newtonian RS orbits are
essentially proportional to the product of thel>. There-
fore, for a particular non-Newtonian orbit to be important, 1.90
the product of the reflection probabilities should not be too
small. This translates physically into the requirement that
the width of the RS interface has to be very small com-
pared to the local wavelength. & = 2U,, e.g., the re-
flection probability (1) reaches the one-percent level only
if the width of the potentialv is smaller than about/20

of awavelength. This requirement is easily fulfilled in the
microwave context where typical wavelengths are in theFIG. 1. Sketch of the microwave cavity in they plane.
cm regime and the widths of dielectric interfaces can bdimensions are given in cm. To study the shift in position

; i ; ; _of periodic non-Newtonian RS orbits, the positiah of the
machined toim precision. While for a Newtonian or Teflon dielectric bar, which entirely fills the.8 cm height of

bit reflection and transmission are decided on the basis Qfe cavity, can be shifted along the straight section of the cavity.
energy and momentum considerations only, reflection angthe position shownd = 9.55 cm) corresponds to the cagg
transmission in the RS limit are stochastic processes gowescribed in the text.

erned by the reflection probabiliti¢s |*> that characterize

the nondeterministic element in the ray dynamics of R . . L
problems. If the suggestion (2) offered in Ref. [1] is trueivg%tg:;nzil?es sgs[g%?g)c jxsznfog\ly%ElvlﬁeEngezrs

a Fourier transform of(E) should show peaks not only Jam, B = P/am, A is the area of the stadium, and
at the actions of the Newtonian periodic orbits but also a . its perimeter’ With the measured dimensibns of

the actions of non-Newtonian RS orbits with weights tha L - . ;
depend on the reflectivity of the potential. This is the guid—t[he cavity given in Fig. 1 and a conservative estimate of

ing principle we use in this Letter to demonstrate the sig—the'r uncertainties, we obtaiar = 0.00220(5) and 5 =

. o U .20.0487(8). A least squares fit of the measured staircase of
nature of non-Newtonian orbits in a thin microwave cavity

containing a bar of Teflon. Similar experiments were sug-CaVity resonances yields = 0.00222 and g = 0.0489;
gested in Ref. [2] for the investigation of RS effects. both agree with theoretical expectations based on measured

It is well known [7] that in the case of thin cavities the dimensions. In the case of billiards the classical actions

Maxwell equations reduce to a Helmholtz equation in two'" (2) are given bys,(E) = ¢, p - dx = kl,, where the

dimensionscy. An empty cavity is “thin” for frequencies I are the Ieng;/h_s of the periodic Qrb!ﬁs" Since the
» less than the cutoff frequenay. = 2¢ /L, wherec is the actions scale agE, and the round-trip time%,(E) scale

speed of light and. is the cavity height in the direction. as1/+E, a Fourier transform of (E) shows peaks at the

Thin microwave cavities are excellent models for quantumlengthSl” of periodic orbits. We determined the density

chaos [8—11]. The new point in our experiment is toof states for the empty Bunimovich stadium according

_ {50 o -
introduce a bar of dielectric (Teflon) in order to generatetO p(E) = Zi:l 8(E — E;), subtracted the mean density

non-Newtonian RS orbits. The dielectric constant of? (E) = dN(E)/dE to obtainj(E), and computed

Teflon is known experimentally [12] to be = 2.08, with Eqnax

essentially no frequency dependence over the range of F) = f p(E)w(E)exp(—ikl)dE,  (4)
interest in this Letter [13]. The exact shape of our cavity (a 0

Bunimovich stadium [6]) and of the inserted dielectric barwhereE,,x = Esp andw(E) = SiN(E/Enay) is a window

is shown in Fig. 1, for one of the placements we used. In dunction that suppresses the Gibbs overshoot phenomenon
first series of experiments we used a transmission methdd5]. The absolute square ¢§f (/) is shown in Fig. 2. We

[14] to measure the resonance frequencies of the emptee pronounced peaks that, as expected, occur near the
cavity (no dielectric bar). We were careful to comparelengths of certain periodic orbits. As shown in Fig. 2 the
spectra obtained with different placements and insertiotarge peak af = 52 cm covers several unresolved peri-
depths of the coupling antennas to ensure that we missed maic orbits; we estimate that more tha®00 levels would
levels up to a certain frequency. We obtained 50 resonandse needed to resolve them in this cluster. It is important
frequenciesr;,j = 1,...,50. The corresponding wave to note that on the scale of Fig. 2 no peak occurs below
numbers arek; = 27v;/c. We define the “energies” | = 20 cm.

E; = kf. In order to extract the oscillating part of the We turn now to the case with the dielectric inserted
level densityp from the measured data, we need theinto the cavity. We studied two case®;) d = 9.55 cm;
meanN (E) of the staircase function, i.e., the number of (D,) d = 7.17 cm. For each case we measured the first
resonances up to the energy Theoretically, the first 50 resonance frequencies and performed the windowed
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FIG. 2. Absolute square of the Fourier transform of the 0.0 ' ' '
fluctuating part of the density of resonances of the empty cavity 0 10 20
shown in Fig. 1. The assignment of peakd (/)| to simple, ! (cm)
periodic orbits is shown along with the lengthof each such
orbit in cm.

FIG. 3. Absolute square of the Fourier transform of the
fluctuating part of the density of resonances on an expanded
vertical scale over the intervél < [ < 23 cm. Dotted line:

. . _ Empty cavity. Solid line: Teflon dielectric inserted (caBe,
Fourier transform as described above. It is important t; —g 55 cm). Dashed line: Teflon dielectric inserted (case

realize that the Teflon bar exertsgiobal effect on the p,, 4 = 7.17 cm). The assignment of peaks in the transform
frequency spectrum: It shifts the positionalfresonances to simple, periodic, non-Newtonian RS orbits is shown along
in the frequency domain. For the discussion below' Onéwth the Optical path |engt|il for each such orbit giVen in cm.
should not try to focus on what adding the Teflon bar might

do to any individual resonance in the frequency domain;

rather, one should focus on what it does to the Fourieof D, occurs at the same position as the peak imédata.
transform of the global frequency spectrum. While theThe non-Newtonian orbit bouncing outside the dielectric,
appearance of the transform fbr> 20 cm is essentially however, is expected to shift to the new positios 2 X
unchanged, striking new features appear for 20 cm.  7.17 cm = 14.34 cm. Experimentally, the second peak in
On an expanded scale, Fig. 3 shdy(/)|* for the empty D, does occur near this expected position.

cavity (dotted line) and the two dielectric case®); X The reason for the non-Newtonian nature of the internal
(full line) and (D,) (dashed line). While even on the and external bounce orbits identified in our experiments is
expanded scale the transform for the empty stadium showke following. As shown in Ref. [2], the Helmholtz equa-
no significant structure below = 20 cm, the caseD; tion for the 2D cavity (partially) filled with dielectric can
shows two peaks, one at= 5.5 cm and another at = be interpreted as a Schrodinger equation with an attractive
19 cm. The peak at = 5.5 cm can be explained as the potential over the extension of the dielectric. Since an in-
signature of a family of periodic non-Newtonian orbits ternal bounce orbit is one that bounces at normal incidence
bouncing inside the dielectric bar parallel to the major axisand atpositiveenergyinsidean everywhere negative (at-
of the stadium. Inside the dielectric the action of a periodidractive) potential, it cannot correspond to a Newtonian or-
orbit is multiplied by the index of refraction. In other bit. The same reasoning applies to orbits bouncing off the
words, the length of a periodic orbit is not the geometricdielectric interface at normal incidence from the outside.
length but the optical path length. With the dimensionsln the Newtonian case a trajectory normally incident on
givenin Fig. 1 we predict that the optical path length of thisan attractive potential is transmitted with probability one.
orbit bouncing inside the Teflon baris,, = 2 X /e X  Therefore, the peaks observed néar 19 cm and/ =

1.9 cm = 5.5 cm. This is in excellent agreement with the 14 cm cannot originate from Newtonian periodic orbits.
location of the first peak ob;. The second peak d, Locations, widths, and heights of the non-Newtonian
can be interpreted as a non-Newtonian RS orbit bouncingeaks shown in Fig. 3 can be estimated semiclassically.
between the round tip of the cavity and the nearest edge df order to illustrate the procedure, we focus on the non-
the Teflon bar [16]. Since this orbit travels entirely outsideNewtonian external bounce orbit, which, for caBs,

the dielectric, its predicted optical path length is equal tooccurs at! = 14 cm. On the basis of the theoretical
its geometric length = 2 X 9.55 cm= 19.1 cm. This framework provided in Refs. [2,3], we obtain its con-
agrees well with the experimental data. Note that shiftingribution to the oscillating part of the scaled density of
the location of the Teflon bar should not influence theresonances ag,(E) = (Rr/2wk)sin(2kR), where r =
location of the non-Newtonian “internal bounce” orbit at (1 — /e )/(1 + /€ ) is the reflection coefficient ankl =

[ = 5.5 cm. Indeed, the first peak in the Fourier transform7.17 cm is the radius of the circular endcap of the cavity

2942



VOLUME 78, NUMBER 15 PHYSICAL REVIEW LETTERS 14 ArIL 1997

(see Fig. 1). The Fourier transform (4) pf(E) can be of non-Newtonian RS orbits as a universal feature of all

performed analytically fow = 1. Neglecting an additive RS wave systems.

nonresonant term, we obtain L. S. acknowledges the hospitality of the Physics De-
5 5 B partment during his stay at Stony Brook. L.S. acknowl-

_R ’"2 SirP[2R l)K2/2] , (5) edges partial support by KBN Grant No. 2 PO3B 093 09,

4m?  [(2R - 1)/2] P.M.K. by NSF Grant No. PHY94-23001.

whereK = \/Es5o = 1.54 /cm. For largeK (5) becomes
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the whole range of the 5.0 resonances used in the Fourier the average) rose slightly because the Teflon increased

tran_sform, the level density, (E) exhlblts_ only abput three the effective volume of the cavity.

oscillations. We expect that the full information on the|[14] S. Deus, P. M. Koch, and L. Sirko, Phys. Rev5E 1146

non-Newtonian orbit is not yet contained in such a smal (1995).

number of oscillations. Consequently, the heights of thg15] See J.S. WalkerfFast Fourier TransformgCRC Press,

peaks in Fig. 3 are not yet converged in the number of  Boca Raton, 1991). We checked that all non-Newtonian

resonances. We confirmed this by computifff/)|> with orbits discussed in this Letter were insensitive to the

inclusion of 40, 45, and 50 resonances in the transform (4).  choice of window functionw(E). We reproduced es-
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heights of the non-Newtonian peaks in Fig. 3, it did___ S (E/Enx), and SIR(E/Ema).

establish beyond reasonable doubt their existence, width5-6] There will also be other peaks, e.g., caused by a non-

- - Newtonian RS orbit bouncing between the round tip of the
and approximate locations.

. . . . cavity and the farthest edge of the Teflon bar. Its length
In this Letter, we presented first experimental evidence ¢, caseD; (D») would be24.6 cm (19.8 cm), causing it

for the existence of non-Newtonian orbits produced by ray 5 pe “lost” in the giant peak rising nedr= 20 cm in

splitting_ if‘ a dieIeCtric?-Ioaded microwave CaVif[y- Since Fig. 3. The peaks discussed in the text associated with
ray splitting occurs in all wave systems with sharp, the shortest non-Newtonian RS orbits are the only ones
partially transparent interfaces, we expect the appearance easily resolved in the present geometry.
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